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Equilibrium Correspondence of Linear
Exchange Economies’
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Abstract. According to Mertens (Ref. 1), the set of equilibrium prices
in a linear exchange economy is a convex polyhedral cone (after adding
{0}). We give a constructive proof of this fact. Then, we establish a
lower-semicontinuity property of the equilibrium price correspondence.
The set of equilibrium allocations is a closed, convex polyhedron. We give
a characterization of this set.
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1. Introduction

Linear exchange economies have been studied extensively (Refs. 1-9).
As pointed out in Ref. 6, this model has been applied to a variety of different
economic problems.

In the present paper, we give results on the computability of the set of
Walras equilibria and we deduce a lower-semicontinuity property of the
equilibrium price correspondence. Eaves (Ref. 5) proposed a finite algorithm
computing a Walras equilibrium (provided an equilibrium exists) for any
linear exchange economy. Mertens (Ref. 1, Theorem I1.5) proved that the set
of equilibrium prices in linear exchange economies is a convex polyhedral
cone (after adding {0}). Relying on Ref. 5, we give a constructive proof of
this fact. Then, we show that the equilibrium price correspondence stays
lower semicontinuous as long as we do not perturb a certain subset of the
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support of the initial endowments of the consumers. Later, we characterize
the set of equilibrium allocations.

2. Model
We consider a linear exchange economy with finite sets L={1,..., L}
of commodities and /= {1,. .., I} of consumers. Every consumer is character-

ized by his utility function u;: RZ— R, which is defined by u,(x;) = b, x; for a
given vector b;eR%, and by his initial endowment w;e R%. For each (b, w)e
(RL*, 2(b, w) denotes the linear exchange economy associated with the par-
ameters b and @. Throughout the paper, we will make the following
assumptions:

(A) CicrbnXicro)e R£+ X [R{£+;
(B) for every i, b;#0, w;#0.

Condition (A) means that every good is desired at least by some con-
sumer and owned at least by a consumer and Condition (B) means that every
consumer desires at least one good and owns at least one good.

Definition 2.1.

(1) Forpe RZ, the demand of consumer 7, denoted d(b;,p,p- ), 1s the
set of solutions of the following maximization problem:
max  u(x;) =b; - x;,
s.t. P Xi=p- W,
X; € R i .
(i) A Walras equilibrium of #(b, ) is an element (x, p)e(R}) xR"
such that:
(a) forevery i, x;ed(b;,p,p- ®);
(b) Xicrxi=Zics @
(ii1) A proper subset /” of 7 is called self-sufficient in £ (b, w) if, for all
heL,¥;cp by >0 implies X;cp ;- @y = 0.

(iv) A proper subset I’ of I is called super self-sufficient in £ (b, w) if
it is self-sufficient and there exists 1€ L such that X, @y, >0, but
Yierbin=0.

A subset of the set of traders is self-sufficient, if they own the whole
quantity of goods they are interested in and it is called super-self-sufficient,
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if they own as well a positive amount of some good which nobody in their
group is interested in.

Let # c(RY) % (RE)! denote the set of pairs (b, ) such that no super-
self-sufficient subset exists in #(b, w) and such that conditions (A) and (B)
are satisfied. Under Assumptions (A) and (B), the nonexistence of a super-
self-sufficient set is a necessary and sufficient condition for the existence of a
Walras equilibrium in linear exchange economies (Ref. 4). We denote by #
the set of pairs (b, )€ #" such that £ (b, w) has a unique equilibrium price
vector p(b, @) up to a positive scale multiplication.

For every (b, )e(R5) x (RE)!, we denote by X(b, w)c(R%) the set of
Walrasian equilibrium allocations and by P(b, ®)cR” the set of Walrasian
equilibrium price vectors. By Assumption (B), P(b, w)cRE,.

For the ith consumer, the marginal rate of substitution between the
commodities /1 and k is b;, /by, where by convention 0/0 =0 and b;,/0 =+o0
if by, >0. For each peR%.,

0(bi, p) = {he L|p,=pi(bi/bix), Vke L}.
o(b,, p) is the set of commodities that the consumer wishes to consume if the

price vector is p, since the ratio between the marginal utility and the price is
maximal for these commodities. For yeR", we denote by

supp(y) = {he{l,....n}|y,#0}
the support of y.

3. Computation of Equilibrium Prices

We recall first a necessary and sufficient condition for P(b, @) being a
half line. It is proven in Ref. 7.

Proposition 3.1. Let (b, w)e#" and let pe P(b, w). Then, (b, w)e% if
and only if the economy Z(¢(p), ), defined by

— bih» lf hea(bi’p)’
cu(p) = {0, otherwise,

has no proper self-sufficient subset.

Partition of the Economy. We will construct a partition /y,..., [; of
I and L,,..., L; such that P(b, @) is generated by the equilibrium prices
of the subeconomies restricted to 7.x L,, which are unique up to a positive
scale multiplication.
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By applying Ref. 5, it is possible to compute a Walras equilibrium
(x,p)eX(b, w)x P(b, w) in a finite number of steps. Now, P(b, ®) may be
computed as follows.

Let ¢=c(p) be as in Proposition 3.1. Let I1,.. .,I,ﬁ1 be minimal
self-sufficient subsets of Z(c, w). For all r=1, let I1,.. ., I; be minimal self-
sufficient subsets of the economy #’(c, w), which is obtained from Z(c, )
by restricting the economy to

A\ [Ue)

F=Ru--uly and L'=|Jsuppo.

iel®

where

Let

k= min{reN

L= ULS}.
s=1

Let k= Zle k. and let I,...,I; be a relabelling of the sets n,.. .,1}(1,. .
If,.. . IE with 1, sii = IP. For all re{1,...,k}, let L,={Jc; supp @. Our
relabelling is chosen such that, for all re{1,...,k}, for all ieJ,=.1,, and all
heUpsr Ly, he 6(b;, p).

For any vector zeRE, let z);, be the restriction of z to L, and let z,
be the canonical injection of z; into RE. Moreover, let L\ x1,(b, ®) [resp.
Z\; (b, )] be the economy Z(b, ) obtained by restricting /XL to I,x L,
[resp. ,].

Lemma. 3.1. For all re{l,...,k}, for all xe X(b, w), supp x;c L, and
Pz, 1s the unique Walras equilibrium price of the economy % ; ., (b, @) up
to a positive scale multiplication.

Proof. For all re{l,...,k}, for all iel,, supp w;cL,. By Proposition
3.1(1) in Ref. 7, for all xe X(b, w), (x,p) is a Walras equilibrium. Since for
all iely, 8(b;, p)c Ly, we have supp x;c L. This implies that

Y2xi= Yo = Y.

iel) iel) iel

Thus, for all i¢ I}, supp x;N L, = (). Since for all re{l,...,k}, for all iel,,
sb.p)c | Ly,

p=r
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we have by induction that, for all re{1,...,k}, for all ie/,,
supp x;,CL,.

Now, it is easy to check that (x;;...p;z) is a Walras equilibrium of
L\ (b, w). Since the only self-sufficient set in Z; .. (b, @) is I,, pz is the
unique Walras equilibrium price up to a positive scale multiplication. O

The next proposition and corollary follows closely Theorem I1.5 of
Ref. 1. Our proofs are straightforward adaptations of parts of Theorem I1.5
and Corollary I1.6 in Ref. 1. Moreover, the partition that we use will turn
out to be identical to the partition in Theorem II.5 of Ref. 1. However, this
will be established only once we have proved the following proposition.

For every re{l,...,k} and every i€/, let

o(1) = max biy/py.

For every pair (’,r)e{1,.. Lk, let
0. = rga}x o, (i)/ o, (7).

This is well defined since, for every re{l,...,k} and every iel,, o,(i) >0. Let
A={AeR" |4, =6,,4,,Y(" e{l,... k}*}.

It is easy to see that AU {0} is a convex polyhedral cone. Moreover, if for all

(., re{l,...,k}* 6,.>0, then AU{0} is closed.

Proposition 3.2. Let (b, ) e #". Then,

leA}.

The proof of Proposition 3.2 is based on the following claims.

P(b, w) = {ﬁll,p,.

. Claim 3.1. Let geP(b, w). Then, there exists Ae R, such that q=
2,:1 //{/rpr-

Proof of Claim 3.1. Note first that, for all ge P(b, w) and for all
re{l,...,k}, qz, is a Walras equilibrium price of the economy % .
(b, w), which is obtained from (b, @) by restricting Ix L to I, X L,.

The economy Z; « (¢, @), with ¢ as in Proposition 3.1, has no proper
self-sufficient subset. Thus, by Proposition 3.1, p;;, is the only equilibrium
price of the economy % ., (b, w) up to a positive scale multiplication.
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Therefore, g, is collinear to p,. Then, every ge P(b, @) is of the form ¢ =
> Awp, for some AcRE,. n

. Claim 3.2. Let geP(b, w). Then, there exists AeA such that ¢=
Zr:] AeDy-

Proof of Claim 3.2. Letg= Zle A.p,€P(b, w), with AeR%, and e A.
Thus, there exists (', r)e{1,...,k}* such that A< 6,,4,. Let

Jjeargmax(a(i)/ o, (i),

iel,

h,eargmax(b;,/py).
helL,

By Lemma 3.2, we may have chosen /,.€ L, such that, for some xe X(b, ),
X, >0. Thus, since by Proposition 3.1(i) in Ref. 7, (x, ¢) is a Walras equili-
brium (b, w), we have h,.€ (b;, q). Let

hyeargmax(by,/pn)-
hel,

Since
b, [ AvDn, > b, /By AvDi,
and since
Oy = oy (j)/e,(j) = b, /Pn )/ (b, /i),
thus,
b, | Avph, > bjn, | AP, -
Then, h,¢ 6(b;, q) and thus g¢ P(b, ), yielding a contradiction. O

Claim 3.3. Let AcA and ¢= Zf;l A.p,. Then, ge P(b, w).

Proof of Claim 3.3. Let xeX(b,w). By Lemma 3.2, for every re
{1,...,k} and for every iel,., supp x;c L, and supp ;cL,. Thus, for every
iel,

q-xi=q- 0
It remains only to prove that, for all re{l,...,k} and for every iel,,

supp x;C0(b;, q). Letre{l,...,k}, iel,; and let hesupp x;C L,. We will prove
that e 8(b,, q). Let i e L,. Then,

bi/pr=bi /pr,
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since (x, p) is an equilibrium and therefore,
bin/ qn=bur [ qi-
Let /e L,.. Since
0, = (biy /i) /(b /1)
and 0< 6.,4,<A,~, we have
O,+bin/ Oy Api = bigy | Avpis
and therefore,
bin/ qn=bar [ qi-
Hence,
hed(b;, q). ]

Proof of Proposition 3.2. By Claim 3.2,

k
Po.0c{ 3 4 frenf.
r=1
and by Claim 3.3,

k
{Zan

leA}cP(b, ). O

Corollary 3.1.  For all (r,”)e{1,...,k}* and for all (h, ') L, x L, let
ﬂhh' = er'r'ph/Ph'. Then,

P, w) = {qeRi |9n = B, Yh, W € L}.

Proof. Let ge P(b, w). Then, by the previous proposition, there exists
AeA such that g = ZI::] Ap,. Let (r,r)e{l,.. ‘,k}z and let (h,h)e L. X L. If
r=1’, then since 6, =1,

B = pu/Pie

and thus,
qn = Aon = (Pu/Pi) 2D = B Q-

Thus, it remains to check that the constraints hold also for r#r". As A€A,
qn = AP = 0,0 Ay iy = (00 Pn [ Pi) v Pit = Brur Q-

For the converse, let

re{qeRy, |qy=Byqn. Yh,H €L},
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with By = 6,-p/pi such that he L, and e L,- Let (h,/')e L, X L,.. Then, if
r=r', since 6,, =1,
T =(pu/Pi)Twes T =(Pi /PR T
Thus,
e/ = 7o/ Pi-

Therefore, 7 is of the form 21::1 Ap. with A, = m,/p;, for any heL,. Now,
suppose that r#r”. Then,

ﬂ'rph =Ty = (01‘7"]7/1 /Ph')ﬂ'h' = (err’ph /Ph')/lr']’h“
Hence,
ﬂvr = err'ﬂvr’

and therefore,

k
=2 Aprs with AeA. O
r=1

Proposition 3.3. Let (b, w)e#” and let L,,...,L; be a partition of
L constructed as above with respect to pe P(b, ). Then, the partition is
the coarsest one of L such that, for all ge P(b, w), the function /,: L—R,
defined by ¢,(h) = q,,/py, for all he L, is measurable.

Proof. Note first that, for all r,7’e{l,...,k}, we have 6..=<1. Thus,
(1,...,1)eA. Moreover, for all ie|J,=,1, and all heJ,=, 1, hed(b;,p);
thus, if r<7’, then 6..<1. For all e>0 and re{l,...,k}, let l‘(r)elR/‘ be
defined by

A =1+e, for all p=r,

A =1, for all p>r.

For small enough € >0, A°(r)e A.

If our partition were not the coarsest, then for some r, "€ {1,..., k} with
r<i’, all £, would be measurable with respect to the partition obtained from
Ly,...,L; replacing L, and L, by their union. Thus, for all small enough
e>0,

=2 l;(r)pp-i- Y ppeP(b, w).
p=r p>r

However, £, is not measurable with respect to this coarser partition. O
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Therefore, the partition generated above is the same as in Theorem I1.5
of Ref. 1. This proves (by Ref. 1, page 21, lines 1-3) that our partition does
not depend on the particular choice of pe P(b, w). Reference 1 proved, using
the coarsest partition making all the above functions measurable, that the set
P(b, ) is a polyhedral cone generated by the canonical injections of the
vectors p|; into R”. Not knowing P(b, w), it would be hard of course to know
the partition, which in turn we have to know to compute the set P(b, ).

4. Lower Semicontinuity of Prices

The upper and lower semicontinuity of X and the upper semicontinuity
of P has been studied in Ref. 7. We will study now, when P restricted to some
subset of 7 is lower semicontinuous.

Let (b,@) e and let (1), and (L,)_, be the corresponding partition
of the economy. Let

M (b, W)= {(b, w)e W |Vre{l,... .k}, Viel,, Vhe L,, wy; =0},
Of course, (b, @)e.#(b,®). For W, let P:W—R%, be the restriction of
the equilibrium price correspondence P: # — R%, to the set W.
Proposition 4.1. For each (b, @) e, the correspondence
P:4l(b,@)—>RE,
is lower semicontinuous at (5, @).
Proof. Suppose that the proposition is not true. Then, there exists an

open set Vc R” such that P(b,®)nV#() and, for a sequence (", ")
c . (b,®), converging to (b,®) as n goes to +oo, we have

P, "NV =), for every n.

We may assume p to be in the relative interior of P(h,®)N V. By Theorem
I1.5.2 of Ref. 1, A is of full dimension.®> Thus, for all re{l,...,k}, for all
small enough € >0,

p+ep,eP(b, ).

3This can be derived also from the fact that, for all small enough €>0, for all r, X'(e) as defined in
the proof of Proposition 3.3 is in A.
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Hence, for all re{l,...,k}, for all iel,,
8(bi,p)c L,

since otherwise
S(bi,p+ep)NL,=1).

Note that, for every re{l,..., k}, the economy EVFXL,(E, ®) has no
proper self-sufficient subset. Thus, by Proposition 3.1(iii) of Ref. 7, for every
re{l,...,k}, the equilibrium price correspondence

PR X (R SRE,

of Z; « 1 (b, ®) is upper semicontinuous at (b, @) and, since it reduces to the
half line {Ap|A>0} at (b,®), it is continuous at this point. Denote by
O/(by; x 1., @7 x ,) its canonical injection into R’ intersected with the set

{xeR"[[|x[| = l|piz, II}-
For (b, w)e ./ (b, ®), let

k
00, w) = E«l Qr(b\IFxL,.a Ct)u,.xL,.)-

Note that this correspondence is continuous and single valued at (b, @).

For every n, let p"e Q(b", ®"). So, p" converges to p. It is sufficient to
prove that p” is an equilibrium price of Z(b", @") for all n large enough. For
allre{l,...,k}, pis an equilibrium price of #|; (b, @), which is the restriction
of #(b,®) to I,xL. For all n, for all r, Pz, is an equilibrium price of
L1 x1,(b", @"). Then, by the convergence of p” to p and the fact that, for all
re{l,...,k}, foralliel,., 6(b, p)cL,, there exists for all re {1,...,k} some n,
such that, for all n=n,, for all iel,, 5(b}, p")cL,. Thus, for all n=n,, p" is an
equilibrium price of £ (0", ®"). Let

7= max n,.
ref{l,.. .k}
Hence, for all n=1, p” is an equilibrium price of the economy .Z(b", ®"). This
leads to a contradiction. ]

For (b,®)e W, let
M’ (b, @) = {(b, w)eW|Viel, supp @;Csupp@;}.

Corollary 4.1. For every (b,@)e#", the correspondence

P'(b,@)—>RE,
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is lower semicontinuous.

Proof. For every (b,@) e and for every (b, w)e. /' (b, ®),
Wb, &) M (b, o).

By the previous proposition, for every (b, w)e.#’(b, @), P: (b, w)—>RE, is
lower semicontinuous at (b, w) and hence also P:.#'(h,®)—R%,. O

Note that P:#" — R%, is convex valued by Proposition 3.1(iii) of Ref. 7.
Therefore, P:.4'(b,®) —R%. admits continuous selections. This property
may come in useful in a variety of applications. For example, in Ref. 10, it
was crucial to study the approachability of hierarchic equilibria (Ref. 11) in
convex economies, by dividend equilibria of economies with discrete con-
sumption sets. Also by the above result, P is lower semicontinuous on

o= {beRD)|(b, @)W}

This could be exploited when one is interested only in changes of the utility
function (for example, if one is interested in the impact of taxes on financial
assets in the spirit of Ref. 12) or in strategic models as initiated in Ref. 13
(where agents may try to manipulate the market price by lying about their
true utility function).

The correspondence P: ¥/~ —R~E, is not lower semicontinuous. In fact,
for every (b, w)e W and every pe P(b, w), there exists re R’ such that, for all
>0,

P(b, 0 + ut) = {Ap|A>0}.

Indeed, let (I,)/,‘:l and (L,)lr‘zl as in Section 3. For every re{l,...,k}, choose
i-l, and h,ed(b;,p). Let

tih, = Dhy for re{2,...,k},
tn =0, otherwise.
Let #;4, = py, forre{2,...,k}, let
1, =0, otherwise.
For all other i, let ¢;, =0 for all 7€ L. One checks easily that, for all >0,
P(b, w + ut) = {Ap|A>0}.

Therefore, the lower semicontinuity of P: # —R%, fails at all points (b, )
where P(b, w) is not a half line. It is straightforward to construct such
examples.
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5. Equilibrium Allocations

Once a point (x, p)e X(b, w) x P(b, w) is known, one may use extensively
the information that we gain from the knowledge of an equilibrium point for
a characterization of the set X(b, ). To use this characterization, one needs
to know the set

G(b,p) = {(i,hyeIxLlhed(b;,p)}.
This may be seen as a bipartite graph with vertices /U L and an edge between
vertices (i, h)eIx L if and only if (i, h)e G(b, p).
For every cycle ¢ = (i1, hy,. .., h,, iy) of G(b, p), let 1“eR™ with 15,= 0 if
the edge 7k is not part of the cycle, otherwise #{, =1/p, and #; , = —1/p;
forr=1,...,n, i, =i;. Let C(b, p) be the set of cycles of G(b, p).

Proposition 5.1. Let (b, ) e %" and (x, p)e X(b, w)x P(b, w). Then,

X(b,w):{x+ Y At

ceC(b,p)

/lfeR}mRﬁf.

Proof. It is easy to check that the right-hand side is included in
X(b, w). The converse is a consequence of Lemma 4.1(i) of Ref. 7. Applying
this result, given a point x"e X(b, w), one may find iteratively cycles
c',...,"eC(b,p) and weights u',. .., u* such that, for every re{l,...,k},
supp(x + Yo 1P —x) is a proper subset of supp(x + Xt uPtP - x'),
with x + X, 41 in X(b, ). Of course, in less than #(LxI) steps, we
have

k
it Xy 0
r=1

It is interesting to note that typically there exists a small number of
cycles, in G(b, p) none. More precisely, one may deduce from Proposition 4.4
of Ref. 7 that the set of economies (b, w) € (R%)* such that no cycle in G(b, p)
for pe P(b, w) exists contains an open dense subset of (RE).

Let us denote by Z(b, w) the elements of X(b, ) with minimal support.

Corollary 5.1. Let (b, w)e# . Then, X(b, w)=co Z(b, w), Z(b, w) =
{x',...,x"}, and r# implies supp x"#supp x’ .

Proof. The inclusion co Z(b, w)c X(b, w) is a consequence of the con-
vexity of X(b, w); see Proposition 3.1(ii) of Ref. 7. By the previous proposition,
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if two points are in X(b, w), then of course the line going through these
points intersected with R%’ belongs to X(b, w). Therefore, r#1” implies supp
x"#supp x”and the extremal points of X(b, w) are its elements with minimal
support. O
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